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INTRODUCTION
Type-1 Fuzzy Logic Systems (T1-FLSs) were first introduced by Zadeh in 1965, and since then the area has drawn the interest of many scientists and been extensively used for modeling and control purposes. In literature, there are noteworthy studies that have used type-1 Fuzzy Logic Controllers (FLCs) as referenced in a recent survey paper (Precup and Hellendoorn, 2011) .
In most real world applications, the control engineers are confronted with uncertainties and imprecise information due to the internal and the external dynamics of the system to be controlled. Type-1 fuzzy logic controllers may prove to be inefficient in handling these kinds of uncertainties. To overcome the problem, the use of type-2 FLCs is suggested in the literature and many successful applications are reported (Hagras, 2007) , (Liang and Mendel, 2000) . Most of these are based on interval type-2 (IT2) structures (Abiyev and Kaynak, 2010) , (Castillo and Melin, 2008) .
In this study, uncertainty and noise handling capability of the considered IT2 FLCs is investigated. The rule-base of IT2 Fuzzy Neuro System (FNS) structure is of TSK type. The antecedent part of the fuzzy IF-THEN rules is composed of interval type-2 membership functions and the consequent part is a first order polynomial. The design parameters in the antecedent part are the centers and the standard deviations of the Gaussian membership functions. Their means are assumed to be uncertain. The design parameters in the consequent part are the coefficients of the first order polynomial. These parameters of the structure are tuned by using gradient descent algorithm.
In Section 2, the mathematical description of the ABS system used as the test bed is presented. In Section 3, the structure of the type-2 fuzzy neural system is described and parameter update rules are derived. The simulation studies carried out on the ABS system are presented in Section 4. In Section 5, an analysis of the results is given and the further work in the area is discussed.
THE MATHEMATICAL DESCRIPTION OF ABS SYSTEM
To derive the mathematical model of the ABS, the free body diagram of the quarter vehicle model shown in Static friction of the lower wheel Fig. 1 is considered. The model is quite simple, but it maintains the fundamental characteristics of a real system. The lower wheel imitates the relative road motion, whereas the upper wheel, mounted to the balance lever, animates the wheel of the vehicle. Several assumptions are made in deriving the dynamic equations of the system: The lateral and vertical motions of the vehicle have been neglected and only the longitudinal dynamics have been considered. Additionally, it is assumed that there is no interaction between the four wheels of the vehicle. Regarding Fig.1 , three torques act on the upper wheel. These are the braking torque, the friction torque in the upper bearing, and the friction torque among the wheels. Similarly, two torques act on the lower wheel, which are the friction torque in the lower bearing and the friction torque between these wheels. For braking, a torque is applied to the upper wheel, which causes the wheel to slow down. According to the Newton's second law, the equation of the motion of the system can be written as:
(1)
(2) In these equations F t can be stated as
3) The normal force, F n , is computed with the following formula:
In Eq. (4), L is the distance between the contact point of the wheels and the rotational axis of the balance lever and Φ corresponds to the angle between the normal in the contact point and the line L. During driving, the speed of the vehicle and the rotational velocity of the wheel have matching values. However, during braking, the braking torque is generated at the interface between the wheel and road surface, which causes the wheel speed to decrease. Consequently, the wheel speed will tend to be lower than vehicle speed. The parameter used to specify this difference in these velocities is called wheel slip and denoted by λ.
A zero wheel slip means that the wheel velocity is equal to the speed of the car, whereas a ratio of one indicates that the wheel is not rotating, but the car is still moving, i.e. the wheels are skidding on the road and the vehicle is no more steerable. The road adhesion coefficient is a nonlinear function of some physical variables including wheel slip and it can be approximated by the following formula (Inteco, 2007) :
The resulting road adhesion coefficient vs. wheel slip curve is presented in Fig. 2 . As can be seen from this figure, a wheel slip value of 0.2 corresponds to the maximum value of the road adhesion coefficient.
The numerical values used in this study for the simulations are: 
THE THEORETICAL AND MATHEMATICAL BACKGROUND OF T2-FNS
In real world applications, systems experience many uncertainties due to the dynamically unstructured environments. Traditional fuzzy logic systems may not be able to handle these kind of uncertainties. In this study a type-2 fuzzy-neuro structure is used as the controller of a system which has two inputs, the error (e) and the derivative of the error (△e). The structure of the MISO (multi-input, single-output) neuro fuzzy controller is given in Fig. 3 . This structure is constructed as a IT2 TSK fuzzy logic system. Such systems are divided in the literature into three models depending on the types of membership functions on the antecedent and the consequent parts of the fuzzy IF-THEN rules (Liang and Mendel, 1999) . This work focusses on the second model.
In Fig. 3 , the first layer of the network is fed by the external input signal, X = x 1 , x 2 , ..., x n . In the second layer, the input space is defined by using Gaussian membership functions with uncertain mean which are initially distributed onto the input domain equally as shown in Fig. 4 . where x i (i = 1, ..., m) are the input variables, y j ( j = 1, ..., n) are the output variables which are the linear functions. The antecedent part of the rule is composed of interval type-2 fuzzy sets,Ã i j for the j-th rule of the i-th input, and the consequent part of the rule is a first order polynomial with the coefficients, w i j and b j .
The second layer in Fig. 3 , the upper and lower membership functions degrees are determined by using Eq. (8).
Lower and upper membership functions between i th input and j th hidden neurons of layer 3 can be given as follows:
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where G(c i j , σ i j , x i ) is determined as:
The firing strengths of the rules are calculated by using the prod t-norm operator at the third layer.
The output of the consequent part of the each rule is calculated at the fourth layer as follows:
The type reduction and the defuzzification procedures are realized at the fifth, the sixth and the seventh layers of the neuro-fuzzy structure. The defuzzified output of the type-2 TSK fuzzy system is determined by using the inference engine proposed in (Biglarbegian et al., 2010) , and has the following form:
where f j and f j are the lower and upper firing strength of each rule, respectively. p and q are the design parameters that weight the sharing of lower and upper firing levels of each fired rule, N is the number of rules.
TRAINING OF THE T2-FNS
After the output of the system is calculated, the gradient descent algorithm is applied to tune the design parameters of the system which are the center and the standard deviation of the membership functions at the antecedent part, the coefficients of the first order polynomial at the consequent part, p and q values in Eq. (14). Initially, the output error is determined as follows:
where O is the number of output, u d i and u i are the desired and the actual output of the network, respectively.
The parameters at the antecedent part of the rules, c1 i j , c2i j, σ i j and the parameters at the consequent part of the rules, w i j , b j are tuned by using gradient descent algorithm as follows:
where γ is the learning rate. The derivatives in Eqs. 16-18 are determined as follows:
t-norm prod operator has the following form.
where i =, ..., N1, k = 1, ..., N1, and j = 1, ..., N2.
Then,
The parameters p and q enable us to adjust the lower and upper portions of the final output in Eq. (14). The optimization algorithm for these parameters is given by the following equations. The initial value for both parameters is taken as 0.5.
where
SIMULATION RESULTS
A number of simulation studies are carried out with type-1 and type-2 FNS controllers acting on the ABS system described and the results obtained are compared. The block diagram of the type-2 FNS system is shown in Fig. 5 . As has been discussed earlier, the FNS block has two inputs, e is the error and △e is the derivative of the error. g is the reference signal, u is the control input signal and y is the output of the system.
In the simulations, the sampling time is set to 1ms. The rotational velocity of the upper and lower wheels before the braking operation is selected 250 rad/s. The reference wheel slip is set to 0.2 which corresponds to the peak value of µ − λ. In order to determine the efficiency and the accuracy of the proposed controller two sets of simulation studies have been conducted. In the first study, the performances of both controllers are tested without noise in the input measurement. Then, in the second set of simulations, the noise effect is included as shown in Fig. 6 . The signal-to-noise ratio (SNR) is about 17dB. The initial membership functions for error and the derivative of the error are distributed equally onto the input domain. The initial weights of the neural network are selected randomly. Table 2 shows Root Mean Squared Error (RMSE) values to compare the performances of the both algorithms. 
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CONCLUSIONS
In this paper, two different structures, a type-1 and a type-2 structure are used to control ABS system. The functions of the layers in each structure are explained in detail and the parameter update rules of the structures are given which are based on gradient descent algorithms. A number of simulation studies are carried out. Firstly, it is assumed that the input measurements are not corrupted with noise. The results indicate that both controllers have similar responses. However, in real life, the measurements usually include some level of noise. To simulate this, a band limited white noise is added to the slip measurement. In this case, it can be seen from Fig. 8 that type-2 FNS outperforms type-1 FNS. It can therefore be concluded that type-2 FNS structure results in a better performance when there exists uncertainties. Encouraged by the simulation results, an experimental study is about to be launched.
